Water shortages and the deterioration of water quality in the natural environment have a negative effect on social development of many countries. Therefore, optimizing the allocation of water resources has become an important research topic in water resources planning and management.
INTRODUCTION
In the past few decades, great progress has been made in water resources allocation due to the advances in computer technology and artificial intelligence. The study of water resources allocation has developed from simply allocating water quantity to a unified configuration that considers both water quantity and quality. In the real world, water resources systems are often complicated by social, economic, and environmental factors, leading to multi-objective problems with significant uncertainties in system parameters, objectives, and their interactions (Kanakoudis ; Han et al. ) . For example, the growing water scarcity due to growing populations has imposed serious stress on irrigation systems (Xu et al. ) .
Water resources managers and planners are challenged by the demand of maintaining sustainable development while facing the pressure of population growth, continuous development of the economy, and ever-changing weather.
The water shortages are the major obstacles to regional sustainable development in water resources systems, particularly in many semiarid and arid regions. Therefore, optimal water allocation is an essential component to water resource management based on limited water supplies (Kanakoudis et al. , ) . An integrated nonlinear stochastic optimization model was developed for planning and evaluation of urban resources in order to optimize urban flows, and was successfully applied to a case study in Beijing (Huang et al. ) . The multi-objective optimization model is a crucial tool for efficient water resources management and is widely used in water resources allo- water resources rationally among the social, economic, agricultural, environment and groundwater preservation benefits, and prevented overexploitation as well. A model comprised of four modules was applied to a case study of optimization of water resources for the Pearl River Delta in China, which provided a useful tool for the operation of reservoirs and freshwater allocation in a saltwater intrusion area (Liu et al. ) . A water resources allocation model can be optimized using genetic algorithms to derive near-optimal operating strategies for the water company's multiple reservoir system for different projected rainfall scenarios, and also to test the robustness of drought contingency strategies for taking the reservoirs down to a lower level under a severe drought condition (Rao et al. ) . In addition, it can be optimized by another genetic algorithm or particle swarm optimization algorithm (Vonk et al. ) . Tang () proposed a method for solving complex multi objective large-scale systems with nonlinear, multivariable and multi constrained conditions to obtain the optimal allocation scheme for annual water resources in the Yellow River Basin.
When studying the optimal allocation of water resources, the grey forecasting model has often been used to predict the supply and demand of water. The model was put forward by Chinese scholars in the 1980s and has been improved continuously in the last 20 years. Wang & Liu () used the combination of multiple regression and a grey GM (1, 1) model to predict the market demand for fresh agricultural products, which greatly improved the prediction accuracy of the model. The method of automatic optimization to determine weight and the least-squares method were used to increase the accuracy of grey prediction. The prediction example proved that the improved method was more effective and perfect (Yang et al. ) .
In addition to the improvement of the water supply and demand forecasting method, the solution of multi-objective problems is becoming more and more perfect. Zeng et al. This study aims to develop a multi-objective planning optimal allocation model for water resources planning and management based on an improved grey prediction method. The proposed method was applied to water allocation in a case study in Beijing under the conditions of a multi-objective water supply to obtain an optimal allocation scheme for Beijing's water resources in the planning year 2020. This study is important to sustainable planning and management of the city's water resources.
METHODS

Study area
Beijing, the capital of China, is located in the Haihe river basin with a semi-arid and sub-humid monsoon climate 
Water supply and demand predictions
Since the grey method (GM) has several advantages, such as the requirement for less sample data, it has been successfully applied in many research areas such as economics, management, meteorology, and medicine, and will be used in this study to predict city water supply and demand.
The GM (1, 1) model represents a typical model variation of the grey prediction method. Although it has been commonly used for prediction, the few limitations of this method hinder its wide application. For instance, as the discrete degree of the data increases, the prediction accuracy of the GM will deteriorate. In addition, the GM (1, 1) model assumes that the original data sequence approximates the exponential rule, while in fact many data series do not obey the index law (Deng ; Li & Wang ;
Deng ).
Improvement of the GM (1, 1) model
The traditional GM (1, 1) model is formed by a first order differential equation containing a single variable, which is the basis of grey prediction.
Assume the existing data series is:
The series generated through primary accumulation is:
where
Define z (1) as the series generated from the mean value of consecutive neighbors of x (1) :
The following grey differential equation can then be established as:
, then the least square estimation of parameters of the grey differential equation can be expressed as: where
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The albino equation of the grey differential equation can be expressed as:
Then the time response series of the GM (1, 1) grey differential equation is:
One then obtains the prediction equation:
From the introduction above, it can be seen that the GM (1, 1) model relies on the exponential fitting of the original data, which is essentially a biased exponential model. The prediction precision of the GM (1, 1) model depends on two factors: (1) the original sequence, (2) the values of the parameters a and b, which depend on the forming structure of the background value z (1) . Based on the two impact factors, the moving average process is applied to smooth the original data series.
Assume the original series are:
(n)), and the new series are X 0
. The two end points of the new series can be calculated with the following equations:
For each intermediate data point, the following equation can be used for the calculation:
Equations (10)- (12) can be used to pre-process the original series to generate a new sequence X 0 (0) , and then make a cumulative generation sequence
In the traditional GM (1,1) model, for computational convenience, the background value is assumed to be generated from the mean value of consecutive neighbors. In other word, the background value of the traditional GM (1,1) model is computed as: z
However, it is stated that this cannot account for the highest prediction precision, when μ ¼ 0.5.
In this paper, automatic optimization methods were applied to select the most appropriate μ. According to the form of the general solution of the original equation (Equation (5)), the values of the unknown parameters a and b can be obtained by applying Equations (6) and (7), respectively.
Here, parameters a and b are changing with μ, and Equation (7) is revised as (16):
According to the least squares method, the square sum of the difference of the estimated valuex (1) (k) and the analog value x
(1) (k) of the original data should represent a minimum. Thus, an additional constraint is specified as follows:
To find the minimum value of S, let dS dc ¼ 0, and one obtains:
Substituting Equation (18) into Equation (9),x (1) (k) can then be formulated as:
Thenx (0) (k) can be expressed as:
In order to obtain the best μ value, a calculation process using Matlab programming is shown with the support of a flow chart in Figure 2 .
In this case, the calculation process starts from the assumption μ ¼ 0, then uses Equations (6)-(8) to calculate a, b, and Equations (13)- (15) to obtain the parameters c andx (1) (k). Afterwards, Equation (13) is used to calculate the sum of squares of deviations S under this weight μ and a small amount of Δ μ of greater than zero is added on this basis (that is μ → μþ Δ μ) to repeat the process until μ ¼ 1.
In this process, a comparison of the sum of squares of deviations of predicted value and the actual value under different weights would be gained. The fittest μ will be selected as the best weight under the case of the sum of squares of deviations (namely S) to get to the minimum.
Data simulation analysis
To verify the improvement effect, the authors used a simulation series to test both the traditional model and the improved model, and then analyzed the simulation and prediction precision. Here, x i (0) (k þ 1) ¼ e À mk was used as an example for the simulation analysis, where k ¼ 0, 1, 2, 3, 4 and 5. Thus, 
Prediction results
In order to compare prediction effects, this paper established traditional and improved grey prediction models to Table 2 presents the results. (Table 3) .
Multi-objective optimization allocation of water resources
Optimization model
The goal of water allocation is not to optimize a particular aspect or object, but to pursue the overall efficiency of the 
where x represents the decision variable, f p (x) represents the objective function of the independent p-th vector, g i (x) represents a set of constraints, and b i represents a set of constant vectors.
Based on maximizing the overall efficiency of economic, social, and environmental benefits, three goals were chosen as the target of the optimization model.
Objective functions
(i) Economic benefit: Suppose that the maximum net benefit of the regional water supply is expressed as: (ii) Social benefit: The social objective is to minimize regional water shortages, which reflect the principle of fairness in water resources allocation. The objective function is expressed as:
where D j represented the water demand volume of user j (yuan/m 3 ).
(iii) Environmental benefit: The environmental objective is to minimize pollutant discharge on the basis of guaranteed ecological water demand. The objective function is expressed as:
where p j represents the waste water discharge coefficient of user j.
Constraints
(i) Constraint of water supply capacity: In order to maintain the balance of supply and demand, the amount of available water from source i should be less than the water supply it could afford, as described in Equation (25).
where W i represents the upper limit of the water supply from the independent water source i.
(ii) Constraint of supply-demand range: The amount of water obtained from sources for j users should be between the users' upper and lower water demands:
where L j and H j are the upper and lower limit for user j's water demands, respectively. The upper and lower limits for water-supply requirements were taken as a forecast of domestic water demand according to the characteristics of domestic water use. The upper and lower environmental water needs were also used to forecast environmental water demand.
(iii) Non-negative constraints:
Here every decision variable x ij should be greater than zero.
A fundamental multi-objective model for allocating water resources optimally can be formed by combining the above objective functions and constraints.
Model development
Based on the above analysis, the number of water-supply sources I ¼ 4 and the number of water-users J ¼ 4, the optimal water resources allocation model for Beijing has 16 decision-related variables and 10 constraints in total. After the estimation of model parameters, the optimized multiobjective allocation model for Beijing's water resources can be expressed as follows.
Decision variables:
Based on the optimal allocation model and the actual situation of Beijing, the decision-related variables are shown (Table 4 ).
Economic objectives:
Social objectives:
Environmental objectives:
Water supply constraints:
Water demand constraints:
Non-negative constraints:
RESULTS AND DISCUSSION
Model results
The planning The model allocating Beijing's water resources optimally should yield the best integrated effects, which represent the greatest net benefits for Beijing, considering the total minimum amount of water demanded and the total minimum amount of waste water produced. This model establishes the lower and upper water demand to ensure minimum water demand while not exceeding maximum water demand to allocate water resources to achieve maximum benefits. Given their different initial values x 0 , the researchers determined the weight of the objective functions by weighting coefficients from the fgoalattain function. Table 5 and Figure 
CONCLUSIONS
This study developed an optimal model for water resources allocation using the multi-objective planning approach based on the improved grey prediction method. An innovative method is proposed to address shortcomings of the traditional grey prediction model by using the moving-average technique and improving background values. Through simulation analysis, it has been shown that the model precision consistently exceeds 95%, which is better than that of the traditional grey prediction model.
The optimal allocation of water resources has attracted increased attention as an effective method to manage regional water demand. The multi-objective planning method is used to construct an optimal allocation model to produce an optimal water resources allocation scheme for Beijing for the planning year 2020. The planning scheme shows that industrial and agricultural water demands can be met, while domestic and environmental water resources will experience shortages. Thus, the rational allocation of water for domestic use and ecology must be strengthened to meet the water shortage challenge. This research takes the water allocation in the typical arid city of Beijing as a case study, but the proposed method can also be used for allocating water resources among other regions in an optimal way.
